The blocking effect caused by the odd particle on the pairing properties of systems with an odd number of fermions at finite temperature interacting via the monopole pairing force is studied within several approximations. The results are compared with the predictions obtained by using the exact solutions of the pairing Hamiltonian. The comparison favors the approximation with the odd particle occupying the top level, which is the closest to the Fermi surface and whose occupation number decreases with increasing temperature.
I. INTRODUCTION
The BCS theory is a most popular approximation for treating pairing interaction between fermions such as nucleons in atomic nuclei. In the systems with an odd number of particles at zero temperature (T = 0), which are referred to hereafter as odd systems, the Pauli principle prevents the level k, which is occupied by the odd particle, from the pair scattering process due to pairing correlations. This level k remains unpaired with the occupation number equal to 1 and, consequently, is excluded from the BCS equation for the pairing gap, whereas the equation for the particle number is solved only for the even core. This approximation is traditionally referred to as the "blocked BCS" [1, 2] . Although the odd particle can occupy any level k above the Fermi surface, at T = 0 the lowest level k 0 , which is located just above the Fermi surface, corresponds to the ground state of the odd system. Any physical observable such as the ground state energy, pairing gap, etc., is obtained by minimizing the pairing Hamiltonian, which is averaged over the ground state.
At finite temperature (T = 0), the average over the ground state is replaced by that over a statistical ensemble such as the grand canonical ensemble (GCE), where the energy and particle number of the system fluctuate in contact with the heat bath, or canonical ensemble (CE), where the system with a fixed number of particle exchanges its energy with the heat bath. Several approximations were proposed to describe the properties of odd systems at finite temperature.
The first type of approximation takes into account the blocking effect only at zero temperature (T = 0). As this reduces the pairing gap at T = 0, the approximation is simply equivalent to a shift in the excitation energy. The second type of approximation is the socalled fixed quasiparticle-number approach, which was proposed by Ignatyuk and Sokolov [3] to describe the odd system by considering only states consisting of an odd number of quasiparticles. Because this approach is constructed on the basis of the BCS level density calculations with a fixed number of quasiparticles [4, 5] , it does not deal explicitly with the odd BCS equations at finite T , and hence, it will not be discussed in the present paper.
The third type of approximation, proposed by Maino et al. [6] , is a direct extension of the blocked BCS to finite temperature T . This approach assumes that, at T = 0, the odd particle occupies the level k with the unity occupation number (q k = 1) as at T = 0, but k can be any level above the Fermi surface, not only k = k 0 . The grand partition function is calculated with the trace taken over all possible positions of the blocked level k. The approach then takes the average of any observable as the sum of all its average values taken for each blocked level k with the statistical weight as the ratio of the grand partition function for the blocked level k to the total grand partition function. For simplicity, we refer to this approach as "Maino's" hereafter.
The assumption of the unity occupation probability of the odd level in the Maino's approach means that temperatures have no effect on it, whereas the occupation numbers of all the levels in the pairing core are obtained by averaging over the GCE, and, they are therefore temperature-dependent. An obvious inconsistency of such assumption is that it fails to reproduce the zero-pairing limit of the equation for the particle number at finite temperature, where all the single-particle occupation numbers should follow the Fermi-Dirac distribution of noninteracting fermions.
In the present paper we propose to improve the blocked BCS to include the temperature dependence of the occupation number q k for the level k, which is occupied by the odd particle.
We refer to this approach as "q k -blocked BCS". The justification of this modification is given by analyzing the exact solutions of the pairing problem, which are obtained by diagonalizing the pairing Hamiltonian, and used to construct the CE partition function. Based on the q kblocked BCS, we propose an approximation, the average-blocked BCS, which reproduces the results of Maino's approach, but does not contain the inconsistency of the latter in recovering the zero-temperature limit (to be explained in the paper). Moreover, by comparing with the exact solutions of the pairing problem, we will demonstrate that the q k 0 -blocked BCS with k = k 0 is the most appropriate approximation for the description of the pairing properties of odd systems at finite temperature. An extension of the q k 0 -blocked BCS, which takes into account the quasiparticle number fluctuation (QNF), is also carried out. This extension is based on the approach called FTBCS1 [7] for even systems, where the QNF smoothes out the sharp phase transition between the superfluid phase to the normal one at the critical temperature T c ≃ 0.57 ∆(0) with ∆(0) being the pairing gap at T = 0. We employ the standard pairing Hamiltonian of a system, which consists of N particles interacting via a monopole pairing force with the constant parameter G, namely,
with a † ±k (a ±k ) being the creation (annihilation) operators of a particle (neutron or proton) with angular momentum k, projection ±m k , and energy ǫ k . This means this level k is doubly degenerate, that is, it can be occupied at most by two particles in the states |k, m k and |k, −m k with the same energy ǫ k . The particle-number operatorN is given aŝ
After the Bogoliubov transformation from the particle operators, a † k and a k , to the quasiparticle ones, α † k and α k ,
the Hamiltonian (1) is transformed into the quasiparticle one H, whose explicit form is given, e.g., in Ref. [7] .
By applying the Bogoliubov transformation and the average in the GCE to the operator (2), one obtains the average particle number N in the even system as
where Ô denotes the GCE average
N is an even number, and n k is the quasiparticle occupation number
with the chemical potential λ and the quasiparticle energy
where the self-energy correction term −Gv 2 k is neglected in ǫ k − λ for simplicity, because it has only a small effect at very low temperature in the present model (see Figs. 2 in Refs. [8, 9] and discussions therein). This does not affect the temperature dependence of all thermodynamic quantities considered in the present paper. In the realistic calculations, the single-particle energies deduced from the experimental data are often used, including this self-energy correction term.
The pairing gap ∆ is found by minimizing the average value Ĥ − λN , resulting in the BCS gap equation
The coefficients u k and v k are expressed in terms of the chemical potential, the pairing gap ∆, and the single-particle energy ǫ k as
The set of two equations (4) and (8) forms the so-called finite-temperature BCS (FT-BCS) equations to determine the chemical potential λ and the pairing gap ∆ for a system with even particle number N interacting via the pairing force with parameter G at a given temperature T .
The thermodynamic quantities such as the total energy E, the heat capacity C, and the quasiparticle entropy S are calculated in the standard way as
The excitation energy E * is given as the difference between E(T ) and its ground state value E(0), namely,
B. Maino's approach
In the odd system, where the odd particle occupies the level k, this level is blocked from pair scattering and excluded from the FT-BCS equations (4) and (8). Assuming the unity occupation number q k = 1 of the odd level k as that at T =0, the blocked-BCS equations at finite T are written in the Maino's approach as
where the total particle number N of the system is an odd number. The superscript (k) denotes the level k that is occupied by the odd particle and excluded from the pairing even core.
To calculate the thermodynamic quantities, it is further assumed that k can be any level above the chemical potential λ, and the grand partition function Z(β, λ) is constructed as a sum of all partition functions Z (k) of the systems with the blocked level k, namely,
In Eq. (15)Ĥ (k) is the Hamiltonian of the odd-particle-number system, where the level k is occupied by the odd particle:
The average value Ô (k) of an operatorÔ (k) over all possible configurations of the system is given by
The total energy, heat capacity and quasiparticle entropy are then calculated as
To restore the zero-temperature limit where k = k 0 , which is the first level above the ground-state chemical potential λ(T = 0), the following requirement is imposed within the Maino's approach:
C. q k -blocked BCS and average-blocked BCS An obvious shortcoming of the assumption q k = 1 in the blocked-BCS Eq. (14) is that it fails to reproduce the zero-pairing limit at T = 0, that is,
where f k ′ is the single-particle occupation number
Instead of this, the zero-pairing limit of Eq. (14) is
The second shortcoming of the Maino's approach is that the imposed requirement (20) for the zero-temperature limit causes a jump between the average pairing gap as well as the total energy, obtained at T = 0, and their corresponding values at finite T because at T = 0 the average gap (total energy) is equal to that, obtained from Eq. (13) for k = k 0 , whereas at T = 0 it is defined as the weighted sum over all the gaps (total energies), obtained from the same equation but with different k. There is no smooth transition between the two average gaps (total energies).
To remove these shortcomings, we propose to derive the equation for the odd particle number as follows. From Eq. (4) for the even particle number, it is clear that the equation for the odd particle number with the odd particle occupying the level k can be written as
where
because, for the unpaired particle on level k, one has u k = 0, v k = 1, and n k = n ′ k as the pairing gap ∆ = 0. In the zero-pairing limit, q k = f k and the sum at the right-hand side of Eq. (23) reduces to 2 k ′ =k f k ′ . Hence one recovers Eq. (21) for N noninteracting single particles. By neglecting n ′ k , one obtains q k = 1, and recovers from Eq. (23) the particle-number equation (14) in the Maino's approach. We refer to Eqs. (13) and (23) as the "q k -blocked BCS".
Assuming k = k 0 in Eq. (23), it follows that any other level k = k 0 in the system has the probability 1 − q k 0 to be occupied by the odd particle. The average of any observableÔ
is then calculated as
with Ω being the total number of levels in the system. In the zero-temperature limit, q k 0 = 1 and the average (25) smoothly reduces to its ground-state value without imposing any special requirement at T = 0. We refer to this approach, which calculates all the thermodynamic quantities by using the average (25) based on the q k -blocked-BCS Eqs. (13) and (23), as the "average-blocked BCS".
It is now well established that, in finite systems such as nuclei, thermal fluctuations smooth out the sharp phase transition from the superfluid phase to the normal one [10] [11] [12] .
It has been demonstrated in Refs. [7, 11] , by taking into account the effect owing to the QNF, which is neglected in the standard FTBCS, that the pairing gap does not collapse at T c , but monotonically decreases with increasing T . In the present paper, we also include the effect of the QNF within the FTBCS1 [7] , whose result is the gap equation
from which one obtains the level-independent gap∆ (k) for the odd system with the odd particle occupying the level k. This level-independent gap is obtained by averaging the gaps (26) over all the levels k ′ = k, namely,
The last term on the right-hand side of Eq. (26) contains the QNF δN
. We refer to this approximation based on Eq. (23) and (27) as the q k -blocked BCS1.
D. Finite-temperature extension of exact solutions for odd systems
The exact solutions of the pairing Hamiltonian (1) were first obtained by Richardson in 1963 by solving the Richardson's nonlinear equation for each total seniority quantum number S, which is the number of unpaired particles in the system [13] . Fifteen years ago, a method based on SU(2) algebra of the angular momentum, which diagonalizes directly the Hamiltonian (1) instead of solving the Richardson's equations, was proposed in Ref. [14] . This method allows us to find simultaneously all the exact eigenvalues E (ex) S and exact occupation numbers f S k with the total seniority S = 0, 2, ..., Ω for even systems. For the odd systems, since the odd particle does not participate in the pairing correlation, it is separated from the off-diagonal matrix elements of the pairing Hamiltonian, which describe the pair transfer (see Eq. (9) of Ref. [14] , for example). This separation is called the blocking effect caused by the odd particle in the exact pairing method. As the result, the exact ground state of the odd system corresponds to S = 1, whereas the excited states correspond to S = 3, 5, ..., Ω. The exact ground-state energy is obtained when the odd particle occupies the highest level, which is located just above the Fermi surface, that is the level k = k 0 . The extension of the exact solutions to finite-temperature is often carried out by using the CE, whose partition function is constructed based on the exact eigenvalues E (ex) S in the form [15] 
where d S = 2 S is the degeneracy. Knowing the partition function, one can easily obtain all the exact thermodynamic quantities of the system such as the total energy E (ex) , entropy S (ex) , and heat capacity C (ex) , namely,
The exact temperature-dependent occupation numbers f 
Based on the exact total energy E (ex) and occupation numbers f 
III. ANALYSIS OF NUMERICAL RESULTS
For the clarity of comparison between the Maino's and our approaches, we employed the Because the exact single-particle occupations numbers f (ex) k =k 0 are neither 0 nor 1 ( Fig.   1 ), the exact entropies are finite whereas the quasiparticle entropies are zero at T = 0.
Since the q k -blocked BCS1 is just a correction of the q k -blocked BCS by including the effect of QNF, neglected within the standard BCS, it cannot improve much the BCS except for the smoothing out of the superfluid-normal phase transition. Moreover, particle number
projection has yet to be done. Therefore there is still a large discrepancy between the predictions by the q k -blocked BCS1 and those obtained from the exact solutions. But at least, on the qualitative level, it shows the right trend towards the exact results.
IV. CONCLUSIONS
In the present work we propose an improved treatment of the blocking effect in the systems with odd numbers of fermions interacting via the constant pairing force. By using the exact solutions of the pairing Hamiltonian, we show that the conventional assumption of the unity occupation number for the blocked level occupied by the odd particle is not valid at T = 0. Instead, we introduce the temperature-dependent occupation number q k for the blocked level, which is directly derived from the standard equation for the particle number within the standard FTBCS. We also construct the average q k -blocked BCS, which reproduces quite well the predictions by the Maino's approach. However, again by using the exact solutions of the pairing Hamiltonian, we demonstrate that the average procedure over all the levels above the Fermi surface as proposed in the Maino's approach does not correspond to the real situation observed in the exact solutions, where the odd particle actually always remains on the top level k = k 0 , which is located above the Fermi surface at T = 0.
Based on the analysis of the results obtained in the present paper, we believe that, in the study of the odd systems with pairing, such as atomic nuclei, at finite temperature, if the BCS approach with blocking is ever applied, the q k -blocked BCS with k = k 0 proposed here should be used instead of the blocked BCS, whereas neither the Maino's approach nor the average q k -blocked BCS is necessary.
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